Static exteriors for nonstatic braneworld stars by de Leon, J. Ponce
ar
X
iv
:0
71
1.
44
15
v2
  [
gr
-q
c] 
 4 
M
ar 
20
08
Static exteriors for nonstatic braneworld stars
J. Ponce de Leon∗
Laboratory of Theoretical Physics, Department of Physics
University of Puerto Rico, P.O. Box 23343, San Juan,
PR 00931, USA
Version 2, January 2008
Abstract
We study possible static non-Schwarzschild exteriors for nonstatic spherically symmetric stars in a Randall &
Sundrum type II braneworld scenario. Thus, the vacuum region outside the surface of a star is assumed to be a
static solution to the equation (4)R = 0, where (4)R is the scalar curvature of the 4-dimensional Ricci tensor with
spherical symmetry. Firstly, we show that for nonstatic spheres the standard matching conditions are much more
restrictive than for static ones; they lead to a specific requirement on the vacuum region outside of a nonstatic
star, that is absent in the case of static stars. Secondly, without making any assumption about the bulk, or
the material medium inside the star, we prove the following theorem on the brane: for any nonstatic spherical
star, without rotation, there are only two possible static exteriors; these are the Schwarzschild and the “Reissner-
Nordstro¨m-like” exteriors. This is quite distinct from the case of stars in hydrostatic equilibrium which admit a
much larger family of non-Schwarzschild static exteriors.
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1 Introduction
In recent years there has been an increased interest in theories that envision our world as embedded in a universe
with more than four large dimensions [1]-[16]. The study of stellar structure and stellar evolution might constitute
an important approach to predict observable effects from extra dimensions.
An indispensable ingredient for these studies is to know how to describe the region outside of an isolated star.
In general relativity this constitutes no problem because there is an unique spherically symmetric vacuum solution,
namely the Schwarzschild exterior metric.
However, in more that four dimensions, the effective equations for gravity in 4D are weaker than the Einstein
equations in ordinary general relativity in the sense that they do not constitute a closed set of differential equations.
From a geometrical point of view this reflects the fact that there are many ways of producing, or embedding, a 4D
spacetime in a given higher dimensional manifold, while satisfying the field equations [17]. From a physical point of
view this is a consequence of nonlocal effects transported from the bulk to the brane by the projection of the 5D
Weyl tensor onto the brane, which are unknown without specifying the properties of the metric in the bulk.
As a consequence, the effective picture in four dimensions allows the existence of different possible non-Schwarzschild
scenarios for the description of the spacetime outside of a spherical star. In a recent paper we have studied various
non-Schwarzschild exteriors in the context of static spherical stars [18]. A number of interesting results emerged from
that study. Among others, that the general relativistic upper bound on the gravitational potential M/R < 4/9, for
perfect fluid stars, can significantly be increased in these exteriors. In particular, the upper bound is M/R < 1/2,
M/R < 2/3 andM/R < 1 for the temporal Schwarzschild [6], [19], spatial Schwarzschild [19] and Reissner-Nordstro¨m-
like exteriors [6], respectively.
In this work, we concentrate our attention on nonstatic spherical stars, without rotation, in the context of
the Randall & Sundrum type II braneworld scenario [20]. Our aim is to study possible static non-Schwarzschild
exteriors. This is crucial in order to identify the difference between stellar evolution and gravitational collapse in
ordinary general relativity and braneworld models, which might shed some light on possible observational clues to
detect effects from extra dimensions.
We will show here two specific features of nonstatic spheres in this scenario. Firstly, we show that for nonstatic
spheres the standard matching conditions are much more restrictive than for static ones; they lead to a specific
requirement on the vacuum region outside of a nonstatic star, that is absent in the case of static stars. Secondly,
without making any assumption about the bulk, or the material medium inside the star, we prove the following
theorem on the brane: for any nonstatic spherical star, without rotation, there are only two possible static exteriors;
these are the Schwarzschild and the “Reissner-Nordstro¨m-like” exteriors. This is quite distinct from the case of stars
in hydrostatic equilibrium which admit a much larger family of non-Schwarzschild static exteriors.
The paper is organized as follows. In section 2 we review the effective field equations on the brane and the general
static vacuum solutions. In section 3 we present the stellar model. In section 4 we discuss the boundary conditions
and demonstrate the uniqueness of the Schwarzschild and Reissner-Nordstro¨m-like exteriors for non-static spherical
stars. In section 5 we provide a simple example that illustrates the results. Section 6 is a discussion and conclusions.
2 Field equations on the brane
In order to make the paper self-consistent, let us restate some concepts that are essential in our discussion. This
is also necessary, because some authors work with spacetime signature (+,−,−,−), while others with (−,+,+,+).
Besides, there are different definitions for the Riemann-Christoffel curvature tensor. As a consequence the Einstein
field equations look different. For example, Gµν = −(8πG/c
4)Tµν in [21] and Gµν = (8πG/c
4)Tµν in [22]. In this
work the spacetime signature is (+,−,−,−); we follow the definitions of Landau and Lifshitz [22]; and the speed of
light c is taken to be unity.
In the Randall & Sundrum braneworld scenario [20] the effective equations for gravity in 4D are obtained from
dimensional reduction of the five-dimensional equations (5)GAB = k
2
(5)
(5)TAB. In this scenario our universe is
identified with a singular hypersurface (the brane) embedded in a 5-dimensional anti-de Sitter bulk ((5)TAB =
2
−Λ(5)gAB) with Z2 symmetry with respect to the brane. The effective field equations in 4D are [23]
(4)Gµν = −Λ(4)gµν + 8πGTµν + ǫk
4
(5)Πµν − ǫEµν , (1)
where (4)Gµν is the usual Einstein tensor in 4D; Λ(4) is the 4D cosmological constant, which is expressed in terms
of the 5D cosmological constant Λ(5) and the brane tension λ, as
Λ(4) =
1
2
k2(5)
(
Λ(5) + ǫk
2
(5)
λ2
6
)
; (2)
ǫ is taken to be −1 or +1, depending on whether the extra dimension is spacelike or timelike, respectively; G is the
Newtonian gravitational constant
8πG = ǫk4(5)
λ
6
; (3)
Tµν is the energy momentum tensor (EMT) of matter confined in 4D; Πµν is a tensor quadratic in Tµν
Πµν = −
1
4
TµαT
α
ν +
1
12
TTµν +
1
8
gµνTαβT
αβ −
1
24
gµνT
2; (4)
and Eαβ is the projection onto the brane of the Weyl tensor in 5D. Explicitly, Eαβ =
(5)CαAβBn
AnB, where nA is
the 5D unit vector (nAn
A = ǫ) orthogonal to the brane. This quantity connects the physics in 4D with the geometry
of the bulk.
Therefore, giving the EMT of matter in 4D is not enough to solve the above equations, because Eαβ is unknown
without specifying, both the metric in 5D, and the way the 4D spacetime is identified [17], [24]. In other words,
the set of equations (1) is not closed in 4D. The only quantity that can be specified without resorting to the bulk
metric, or the details of the embedding, is the curvature scalar (4)R = (4)R
α
α, because Eµν is traceless. In particular,
in empty space (Tµν = 0,Λ(4) = 0)
(4)R = 0. (5)
Thus, the braneworld theory provides only one equation for the vacuum region outside the surface of a star. In the
case of static spherically symmetric exteriors there are two metric functions, say gTT and gRR, to be determined.
As a consequence, (5) admits a non denumerable infinity of solutions parameterized by some arbitrary function of
the radial coordinate R [25]. Since this is a second order differential equation for gTT and first order for gRR, the
simplest way for generating static solutions is to provide a smooth function of R for gTT . Then, the field equation
(4)R = 0 reduces to a first order differential equation for gRR, whose static solutions and their general properties
have thoroughly been discussed in the literature [19], [25], [26], [27].
3 The stellar model
An observer in 4D, who is confined to making physical measurements in our ordinary spacetime, can interpret the
effective equations (1) as the conventional Einstein equations with an effective EMT, T effµν , defined as
8πGT effµν ≡ −Λ(4)gµν + 8πGTµν +
48πG
λ
Πµν − ǫEµν . (6)
Thus, if we are dealing with a perfect fluid star with density ρ and pressure p, then the effective density and pressure
are given by (Λ(4) = 0)
ρeff = ρ−
ǫk4(5)
48πG
ρ2 −
ǫE00
8πG
,
peffrad = p−
ǫk4(5)
48πG
(ρ+ 2p)ρ+
ǫE11
8πG
,
peff⊥ = p−
ǫk4(5)
48πG
(ρ+ 2p)ρ+
ǫE22
8πG
. (7)
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It should be noted that the effective matter quantities do not have to satisfy the regular energy conditions [28],
because they involve terms of geometric origin.
For a nonstatic, spherically symmetric distribution of matter in 4D, the line element can be written as
ds2 = eν(r,t)dt2 − eλ(r,t)dr2 −R2(r, t)
(
dθ2 + sin2 θdφ2
)
. (8)
In a comoving frame, the field equations relate the effective density ρeff and radial pressure peffrad to the mass function
(from now on we set G = 1)
m(r, t) =
R
2
(
1 + e−νR˙2 − e−λR′2
)
, (9)
as follows [29], [30]
m′ = 4πρeffR2R′, (10)
m˙ = −4πpeffradR
2R˙, (11)
where dots and primes denote differentiation with respect to t and r, respectively. Thus,
m(r, t) = 4π
∫ r
0
R2ρeff (r¯, t)R′dr¯, (12)
can be interpreted as the “total mass-energy interior to shell r at time t” measured by an observer riding in a given
shell [31]. We note that a similar expression, but for a static interiors, is used in [6].
We assume that the source is bounded, namely that the three-dimensional hypersurface Σ, defined by the equation
Σ : r − rb = 0, (13)
where rb is a constant, separates the spacetime into two regions: the stellar interior described by (8) and an exterior
vacuum region, which we assume is described by a static spherically symmetric line element in curvature coordinates.
Namely,
ds2 = A(R)dT 2 −B(R)dR2 −R2(dθ2 + sin2 θdφ2), (14)
where the metric functions A and B are solutions of the field equation (4)R = 0.
In this coordinates the equation of the boundary takes the form
R = Rb(T ), (15)
where b stands for boundary. In the vacuum region, outside of the source the projection onto the brane of the Weyl
tensor in 5D can be interpreted as an effective energy-momentum tensor (Λ(4) = 0), viz.,
T effµν = −
ǫ
8π
Eµν (16)
where1
8πT 00 =
1
R2B2
[
R
dB
dR
+B(B − 1)
]
, (17)
8πT 11 = −
1
R2AB
[
R
dA
dR
−A(B − 1)
]
, (18)
8πT 22 = 8πT
3
3 = −
1
2RB
[
1
A
dA
dR
−
1
B
dB
dR
+
R
A
d2A
dR2
−
R
2A
(
1
A
dA
dR
+
1
B
dB
dR
)
dA
dR
]
. (19)
In addition, outside the surface
T 00 + T
1
1 + T
2
2 + T
3
3 = 0, (20)
which is a consequence of the fact that Eµν is traceless. We are not going to discuss here the extension of these
metrics to the bulk geometry. Finding an exact solution in 5D that is consistent with a particular induced metric in
4D is not an easy task. However, the existence of such a solution is guaranteed by Campbell-Maagard’s embedding
theorems [33], [34].
1In what follows, in order to simplify the notation, we will suppress the “eff” over the matter quantities.
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4 Boundary conditions
We recall that two regions of the spacetime are said to match across a separating non-singular surface Σ if the
first and second fundamental forms are continuous across Σ. These are essentially Israel’s boundary conditions in
vacuum2.
The continuity of the first fundamental form (the metric tensor induced on Σ) gives at once
Rb = R(rb, t) ≡ Rb(t), (21)
and relates the coordinates t and T , viz.,(
dT
dt
)2
=
eν(rb,t)B(Rb)
A(Rb)
(
1
B(Rb)
+ U2b
)
, (22)
where Ub = e
−ν(rb,t)/2R˙b.
Next, the continuity of the second fundamental form across Σ (or the extrinsic curvature tensor on Σ) requires
continuity of the mass function and the radial pressure. In curvature coordinates (14) r = R and eλ = B(R),
therefore the mass function (9) reduces to
m(R) =
R
2
[
1−
1
B(R)
]
. (23)
The same can be obtained from (12) after substituting (17) into it, and preforming the integration. Thus, demanding
the mass function to be continuous across the boundary we get
m(rb, t) =
Rb(t)
2
[
1−
1
B(Rb(t))
]
. (24)
Let us now evaluate the radial pressure at the surface. From (11) and (24) we find
8πprad(rb, t) = −
1
R2B2
[
R
dB
dR
+B(B − 1)
]
, evaluated at R = Rb (25)
Thus, from (17) we find
prad(rb) = −T
0
0 (R)|R=Rb . (26)
On the other hand, continuity of the second fundamental form requires prad = −T
1
1 at the boundary. Therefore, the
exterior solution must satisfy
T 00 = T
1
1 , at R = Rb. (27)
4.1 The “extra” requirement
We should observe that the relations (25)-(27), which are consequence of the effective field equation (11), are exclusive
for nonstatic distributions of matter for the reason that in the case of static interiors there is no a similar relation
between the mass function and pressure. Therefore, for nonstatic distributions the boundary conditions impose the
fulfillment of the extra requirement (27), which is absent in the static case.
The question is how to interpret this extra requirement. Firstly, we note that the hypersurface, (say Σ(T 0
0
=T 1
1
)) at
which T 00 = T
1
1 has a fixed radius, instead of being a dynamical one as required by (15), which is incompatible with
the notion of nonstatic distribution of matter. Secondly, it is easy to demonstrate that Σ(T 0
0
=T 1
1
) is either a horizon
2In the general case where the separating surface is a thin layer of matter, which is not the situation for stars, with surface energy-
momentum tensor Sαβ the extrinsic curvature is discontinuous across the layer. If we denote the unit spacelike vector normal to Σ by
nµ, the induced metric on Σ by λαβ = (gαβ −nαnβ), and the extrinsic curvature tensor on Σ by Kµν =
1
2
Lnλµν , then the discontinuity
of Kαβ is given by (Kµν |Σ+ − Kµν |Σ−) = 8pi(Sµν −
1
2
Sλµν). This condition and λµν |Σ+ = λµν |Σ− constitute the so-called Israel’s
boundary conditions [32].
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or a spherical surface of infinite radius. In order to show this, we use a technique employed by Bronnikov et al [27].
Namely, we introduce a new radial coordinate u defined by
du =
√
A(R)B(R) dR, (28)
which leaves ρext = T 00 and p
ext
rad = −T
1
1 invariant. The line element (14) becomes
ds2 = A(u)dT 2 −
du2
A(u)
−R2(u)
[
dθ2 + sin2 θdφ2
]
, (29)
where A(u) = A(R) and R(u) = R. In this coordinates we find
T 00 − T
1
1 = −
2A(u)
R(u)
[
d2R(u)
du2
]
. (30)
This shows that the condition T 00 = T
1
1 , required by (27), is satisfied either (i) at a hypersurface Σ(T 0
0
=T 1
1
) where
A(Rb) = 0, i.e., at a horizon, or (ii) at spatial infinity, R =∞.
From the above discussion, it is clear that (27) is not a condition defining the boundary of a star. In what follows
we will interpret it as an “equation of state” for a static vacuum region outside of a nonstatic star. Namely,
ρext = −pextrad, for R ≥ Rb(t), (31)
where ρext = T 00 and p
ext
rad = −T
1
1 . We remark that for static interiors this condition is gone.
The preceding analysis is totally general. Therefore, it is useful to illustrate it with some examples. Firstly, let
us consider the “temporal Schwarzschild” metric [6], [19]
ds2 =
(
1−
2M
R
)
dT 2 −
(1− 3M/2R)
(1− 2M/R)[1− (3M/2R) c]
dR2 −R2dΩ2, (32)
where c is an arbitrary dimensionless constant3 and M is the total gravitational mass measured by an observer at
spatial infinity. For c = 1 it reduces to the Schwarzschild vacuum solution of general relativity.
For this metric we find
ρext + pextrad =
3M(c− 1)(2M −R)
4πR4(2− 3M/R)2
. (33)
Thus, condition (27) is satisfied everywhere for c = 1. Nevertheless, for c 6= 1 it is satisfied at the horizon R = 2M
and at R =∞, in agreement with the statement above.
Secondly, let us consider the “spatial Schwarzschild” metric [19]
ds2 =
1
b2
(
b− 1 +
√
1−
2bM
R
)2
dT 2 −
(
1−
2bM
R
)−1
dR2 −R2dΩ2, (34)
where M is the total gravitational mass measured at spatial infinity and b is a dimensionless constant. For b = 1,
we recover the Schwarzschild exterior metric.
For this metric we obtain
ρext + pextrad =
bM(1− b)
4πR3
(
b− 1 +
√
1− 2Mb/R
) . (35)
Thus, condition (27) is satisfied everywhere for b = 1, but only at R = ∞ for b 6= 1, in accordance with the above
discussion.
3In order to avoid misunderstanding, please note that c has nothing to do with the velocity of light in vacuum.
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4.2 Uniqueness of the Schwarzschild and Reissner-Nordstro¨m-like exteriors for non-
static spherical stars
We now proceed to show that, in the context of Randall-Sundrum’s single brane model scenario, there are only two
possible static exteriors for a non-static spherical star, namely the Schwarzschild and the Reissner-Nordstro¨m-like
exteriors.
The requirement T 00 = T
1
1 is equivalent to
A(R) =
K
B(R)
, (36)
where K is an arbitrary positive dimensionless constant. Now, from (20) it follows that
T 00 = −T
2
2 . (37)
Then, using (17) and (19), we get
1
B
d2B
dR2
−
2
B2
(
dB
dR
)2
+
4
RB
dB
dR
+
2(B − 1)
R2
= 0 (38)
The only solution to this equation is Reissner-Nordstro¨m-like. Namely,
B =
(
1 +
C1
R
+
C2
R2
)−1
, (39)
where C1 and C2 are arbitrary constants of integration. What this means is that, according to the standard matching
conditions, in the Randall & Sundrum II braneworld scenario the only possible static exteriors for any nonstatic
spherical body, are the Schwarzschild and the Reissner-Nordstro¨m-like exteriors. We should emphasize the role of
the field equation (4)R = 0 (or T = 0) in obtaining this result.
5 Example
In this section we present a simple model that illustrates the above calculations. With this aim, let us consider the
case where effective density on the brane is spatially uniform, viz.,
∂
∂r
ρeff = 0, and peffrad = p
eff
⊥ . (40)
The most general line element corresponding to these assumptions, in comoving coordinates, is given by [35]
ds2 =
[r2 + 2h˙(t)/g˙(t)]2
[ 12g(t)r
2 + h(t)]2
{
C2dt2 −
1
[r2 + 2h˙(t)/g˙(t)]2
(
dr2 + r2dΩ2
)}
. (41)
where the functions g(t) and h(t), as well as the constant C, are arbitrary except for the fact that they have to carry
the dimensions
[C] = L−2, [g] = L−2, [h] = L0, (42)
for the metric coefficients to be dimensionless, as expected. For this metric we obtain
m(r, t) = R3(r, t)
(
g(t)h(t) +
g˙2(t)
8C2
)
, with R(r, t) =
r
1
2g(t)r
2 + h(t)
. (43)
Thus, at the boundary
Rb(t) ≡ R(rb, t) =
rb
1
2g(t)r
2
b + h(t)
, (44)
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and
1− 2R2b
[
g(t)h(t) +
g˙2(t)
8C2
]
=
1
B(Rb)
. (45)
The function g(t) can be expressed in terms of Rb,
g(t) = −
2 [Rb(t)h(t)− rb]
r2bRb(t)
. (46)
Without loss of generality, in order to simplify the equations bellow, instead of h(t) it is preferable to work with the
function β(t) defined as
β(t) =
α
2
g(t)− h(t), (47)
where α is a parameter with the appropriate units. Substituting these expressions in (45) we obtain the equation
that governs the evolution of the boundary, viz.,
(
dRb
dt
)2
=
1
[rb +R2b(dβ/dRb)]
2
[
R2bC
2(α− r2b )
2 + 4R3bC
2rbβ(α− r
2
b ) + 4R
4
bC
2r2bβ
2 −
R2bC
2(α+ r2b )
2
B(Rb)
]
, (48)
where dβ/dRb = (dβ/dt)/R˙b.
Substituting (45) into (10) and (11) we find the energy density and pressure inside the source as follows
ρ =
3(B − 1)
8πR2bB
, (49)
p =
[
(r2b − r
2)βRb + rb(α+ r
2)
]
Rb(dB/dRb)−B(B − 1)
[
3(r2b − r
2)R2b (dβ/dRb) + 2(r
2
b − r
2)βRb − rb(α+ r
2)
]
8π [(r2b − r
2)R2b(dβ/dRb)− (α+ r
2)rb]R2bB
2
,
(50)
where B is evaluated at the boundary, i.e., B = B(Rb). For example, in general relativity where the vacuum region
outside the surface is the Schwarzschild metric, we set B(Rb) = (1 − 2M/Rb)
−1, and obtain
ρSchw =
3M
4πR3b
, (51)
which is a well known expression. For the pressure we get
pSchw =
3M [β + Rb(dβ/dRb)] (r
2
b − r
2)
4π [(α + r2)rb − (r2b − r
2)R2b(dβ/dRb)]R
2
b
, (52)
where Rb is a solution of(
dRb
dt
)2
|Schw
=
2MC2(α + r2b )
2Rb − 4αr
2
bC
2R2b + 4βC
2rb(α− r
2
b )R
3
b + 4β
2r2bC
2R4b
[rb + R2b(dβ/dRb)]
2 . (53)
Coming back to our problem, evaluating the pressure (50) at the boundary r = rb we obtain
8πp(rb) = −
Rb(dB/dRb) +B
2 −B
R2bB
2
= −T 00 (R)|R=Rb , (54)
which is exactly what we obtained in the general case (25), (26). Similar results can be obtained in models with
non-uniform effective density.
8
6 Discussion and conclusions
The continuity of the second fundamental form and the field equation (11) require T 00 = T
1
1 at the surface of a
nonstatic star (27). However, this equation cannot be considered as a condition defining the boundary, because it
can only be satisfied either at a horizon or at spatial infinity. This was shown in section 3.1.
Consequently, in order to be able to match a nonstatic interior with a static exterior we have to assume that (27)
is satisfied everywhere, not only at spatial infinity or at a horizon. This constitutes an independent equation outside
the surface of a nonstatic star, namely ρext + pextrad = 0, which in addition to (5) provides a complete set of equations
to determine the two metric functions, A(R) and B(R) in our notation. We have found that the only static solution
to these equations is a Reissner-Nordstro¨m-like metric, which is given by (36) and (39).
It should be noted that for stars in equilibrium, the space of non-Schwarzschild static exteriors allowed by the
boundary conditions is much more general than in the nonstatic case [18]. The natural question to ask here is, why?.
If the boundary conditions are expressed in terms of the continuity of the first and second fundamental forms, why
do we get “different” results for static and nonstatic stars?
The answer to this question is found not in the boundary conditions, but in the field equations: in the nonstatic
case there is a specific relation between the time derivative of the mass function and the radial pressure, which is
given by (11). In the static case there is no such relation. Therefore, in the nonstatic case there is an additional
expression to be satisfied, namely (27), which is absent in the static one. As a result the space of solutions of the
boundary conditions for stars in equilibrium is much greater than the one for nonstatic stars.
From a physical point of view this is a consequence of the interconnection between the brane and the bulk. Indeed,
Israel’s boundary conditions and the Z2 symmetry applied to the brane relate Tµν , the EMT of the fields in 4D, with
the extrinsic curvature KAB =
1
2∂gAB/∂y of the brane, where y denotes the coordinate along the extra dimension.
Thus, if Tµν varies with time, one would expect the metric in the bulk gAB as well as Eµν , which carries non-local
gravitational effects from the bulk to the brane, to be, in general, nonstatic. But Eµν is the effective ETM in the
exterior region (16). Therefore, in general, the exterior spacetime around a nonstatic spherical star is, is expected
to be nonstatic as well. What is amazing here is that, despite of this chain of interaction between the bulk and the
brain, one can still find some static exteriors for nonstatic stars.
Our results suggest that the temporal and spatial Schwarzschild metrics, as well as other possible static exteriors,
are limiting configurations (in time) of non-static exteriors. In other words, if the contraction of a star comes to a
halt and it reaches hydrostatic equilibrium, one would expect that a nonstatic exterior will tend to one of the possible
static exteriors.
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